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y (damping)

K (coupling)

D (diffusion)
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A output / output (£50% sweep)

02 4 ABYO|M QZE (£50% Of7H B4 AR y Of |ZAEHE = |7t X[CH(1.73)
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(a) Posterior trace (R-hat=21.525, ESS=3040.5) (b) Per-seed ensemble error

- 0.025 | B baseline
o mm coupled
. S
= 0.020 1
E 0.4 1 o
g o)
2 5 0.0151
; 0.3 ---- mean = 0.550 é '
2 | G
£ 02 c 0.010 A
5
2 e
o1l € 0.005
oo VoA Mottt ot A
0.000 -

(I) 5|O 1(I)O 1éo 2(I)0 250 sl s2 s3 s4 s5 s6 s7 s8 s9 s10s11s12 513514515516
thinned sample
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o 72 Hl@e) HojELt
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(a) Residual structure (b) Observation and model fit

0.06 A 1.0 observation
baseline R2=0.987
0.04 coupled R2=0.993
0.8
0.02 A o
f_u Q 0 6 4
> o U.
3 0.00 >
g 2
< -0.02 A g 0.41
-0.04 4
-0.06 1 baseline 02
coupled
0 1 2 3 4 5 0 1 2 3 4 5
time / coordinate time / coordinate
(c) Grid-refinement convergence
L2 error (order 2.02) L
---- second-order slope //'
[ /’/’
o e
£
o A
~ 10731 e
— 7
2x1072 3x1072 4x1072

grid spacing dx
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(b) Solution-set reduction (60 iterations,

pool 100)

(a) Fixed-point convergence
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(c) Initial-pool accuracy vs converged

solution

=100)

initial pool (n
== converged R2
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B4 — 5 T AX0M s 278728 0| niEtHEE HE HE,

= AU FHIZ2OY | FH IZZIMY | BHSE =9
EN x| CH

initial 2 1.2364 1.3867 7.3% 2

amplitude a0

boundary 1.5 0.8065 1.8153 52.5% 1

forcing

environment 0.01 O ALE(AX}L = | OMEEX = | 29% 3
F8=) ")

H5— SAE AYASE Ao 25 0|2 0S5 ASEAL

AGAEE m 0|2 d5 HAL

0.00 0.9870 0.9868 -0.0002

0.10 0.9876 0.9888 +0.0012

0.20 0.9882 0.9896 +0.0014

0.30 0.9888 0.9896 +0.0008

0.40 0.9894 0.9909 +0.0015

0.50 0.9900 0.9923 +0.0023

0.60 0.9906 0.9927 +0.0021

0.70 0.9912 0.9927 +0.0015

0.80 0.9918 0.9926 +0.0008

0.90 0.9924 0.9923 -0.0001

1.00 0.9930 0.9919 -0.0011

B 6— AZat s HIX|ONE u, = v Of T8 AXE M2 ¥R (Crank-Nicolson, 18 ZAt — =2 &

O Qlut 2ot AEAT): X 12 QAR A& QXHH|(BF =Xl 2.02).

A%t 74 L2 @%f @A

0.05 0.004866

0.025 0.001193 4.077

0.0125 0.0002969 4.019

F B MEIIEEEY0| K2 772 =20M MelstACH MAIE 122 Of Ho[HHM 2 2T

= Ad AS Y.



a K| Z= 3 (Method of Manufactured Solutions, MMS)2. 2 & ¢
T F=Xsigel etde A5t tha BE-2at W-™A v, =D v + f O HZSH u*(x,t) = sin(pi
x)-exp(-t) & FTYSHH, v, = -sin(pi x)er {-t}, U, = —pj2 sin(pi x)eM{-t} 0|22 AATHO| f(x,t) = (D~p]’2 -
1)sin(pi x)-exp(-t) 2 Mo =2 FEEICt O K== SXt Dirichlet BAIZ u*(0,t)=u*(1,t)=0 1} X7|

2= u*(x,0)=sin(pi x) & THETHCY.

QEE SHAE AASS BHEOR AR, Crank-Nicolson S8 QBHAHE £H{(Z7t 2K SAIXHE,
D=1)2 N=20,40,80,160 ZXt0I A 2|32 1312 ZRA|2Z T=05 0| M HE3 H * OifE] Of4t 12 QKIS
EHBIUCH AIZZHAL dt ~ h 2 50| AIZHQXTE B 24 HEEE JhalX| A SHUCH HAE M=
SISHE QX17} O| 2Xt4(QF 2)2 28]} 510, 0|2 OIF HARMMO| 22 BEXI42} log-log 2|7 7|2
7|2 gholstrt

# 6 — M =3l AXMIE=t A HXHE 0| L2 Kot 74 BHE -

AN AR h L2 @K} =& BAFAEp

20 0.05000 9.695e-04 —

40 0.02500 2421e-04 2.002

80 0.01250 6.051e-05 2.000

160 0.00625 1.513e-05 2.000

B 62 AXMEZ= 2utE FElotth 2E AXOA =& BEASIE2 £20| 200, 25 T 245K
== p=2.001 £ 0|2 2X}Q} SEBICHO| Xt = 2, A} = 0.001). Ol= O|4t2t7h HA Xp=CH 2 F=t3|

THEASSF vav 2EM =7 ASEUASS) %J?':”é!i“if
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8 9 M=ol =3: AX7HA h CHH| O|&F 12 2XHlog-log)@t 7|2 7]-2 7|&EM; 2HF X4 p=2.001. 0] O &2 K=Y
THZ M = oA M-l A ZE Hluws| 20{FCt

9 B 4k A £ 2RO 7|0HSI0) 27| 2A B T D) HRE EEE AT H 2AS 9t +
K™ Z2HE HMAIBCt

ol 28 9= M=o -2 AlZetsto 2 ZEo| siE ZaE X|X|etrt

6. 21}

6.1 =2 A}

YEE2Y SYHHY == 2o 2 A7 o FA Zih= o2 #oF ZCt Mot 2y 2
(Coupled)2 THUZH 7|8t M (single-field baseline) CHH| RMSEZ} 0.027 — 0.020, MAEZ} 0.021 — 0.0162
AASED = 0987 — 09932 LA UCHAA At tF, =Y HIO[H-R7|2). o|23t HE=Z Y
BRI == AOM 7t 7|82 22 SE(295% dH)E ol =8 AHs s 5 AFES s =
= =Y &b Hdd Al ME) 245 ZFE0| I8 O|FSIH 0| SFE 7|F0| ofL2t HAg AXt=
BE5HH, S8 =8 X0 A g5 SU=0t0| OfL|2} HA|A EHE T H| &2 /) H|u ot} atedel 3
N AW 2 2EE +XHBLZ X[X|gC: AR h, h/2, h/a M22| =3 Xb== 2.02(85 25 =X+ &
o|Ahot +50% &

F& sweep(84.4)0] 70| 0|ttt @KL} 2 HEH0| OfgS SH2lotCt 1670 S8 A=
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Without this check np.linalg.solve returns the

ZE, vt

—

O
np.array([[-gamma, kappal, [kappa, -(gamma + D)]])

1.0
fixed point of a SADDLE (unreachable) configuration silently.

steady state.

# FIX-93: dissipativity guard - a damped system must have a stable

if not bool(np.all(np.linalg.eigvals(Mmat).real < 0.0)):

Fext
Mmat
#

def steady(kappa, gamma, D):
#

Eff sHet +50%
(Ct=2Y 2[HE OtH).
import math

import numpy as np



raise ValueError(
'non-dissipative: kappa”2=%.4f >= gamma*(gamma+D)=%.4f"'
% (kappa * kappa, gamma * (gamma + D)))
sol = np.linalg.solve(Mmat, np.array([-Fext, 0.0]))

return float(np.hypot(sol[@], sol[1]))

def elasticity(base, key):

# +/-50% EAEEE E = d 1In|X | / d 1n(param)

hi = dict(base); hi[key] = base[key] * 1.5
lo = dict(base); lo[key] = base[key] * ©.5

yhi = steady(**hi)

ylo

steady(**10)

return abs((math.log(yhi) - math.log(ylo)) / (math.log(1.5) - math.log(®.5)))

def sqrt_fit(t, d):
# JNA ZHHSEO| sgrt(t) AE2 25 AR ZAXS A -5 R2

amat = np.vstack([np.sqrt(t)]).T

coef = np.linalg.lstsq(amat, d, rcond=None)[0]
pred = amat @ coef

ssr = float(np.sum((d - pred) ** 2))

sst = float(np.sum((d - d.mean()) ** 2))

return 1.0 - ssr / sst if sst > @ else 1.0

HE Y T3

ofH

DOMAIN = 'MEE2f

base = dict(kappa=0.766, gamma=1.2509, D=0.6254)
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kap_e = elasticity(base,

'gamma')

elasticity(base,
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rakels

fitrmse_base = 0.027 baseline RMSE compute_fit_metrics §5 A1t H
fitrmse_coup = 0.02 coupled RMSE compute_fit_metrics §5 A0t HX&F
convergence_order = AXtsE AE Kt compute_convergence_ §3.3§5XE%
2.02 order — CN

1/20-1/40-1/80

Richardson
sens.kappa = 0.57 k IAE EFHE(+50% compute_sensitivity — 844 TIZE.XE

sweep) HSE & sweep

sens.Lif & A=t y H&E Etee compute_sensitivity §4.4 QLT
sens.D = 0.12 D DIZE B compute_sensitivity §4.4 DIZIE

5 4UE +8.2048 Y (MCMC +=7-GA CHS A=A X}
c

= FE2 LEE dA XN 353, FHO| ofL[2t 2EE@Y AE) dAMLR MEst X2 2Zot
Ch 2t T2 W7kse #8 478 MM 250 T ZXte 87|82 Ao, ofel =Xl =

(@) MCMC =3 ZIZt (Gelman-Rubin R)

DPCHEA Z7|ZEO| 470 M-S &2t 2Kt H (HICHZt £=0.6)0l ] Metropolis—Hastings 2 Z+ 4000

Ef2l
(R 50%+= burn-in H 7|, =8E 0.525)3Ct. Gelman—-Rubin S4|2F R = X}2/¥ X|C§ = 1.0054 (Xt

ot

HH(H
218 11,0009, 1.0054])2 R < 1.1 &8 7|28 £S3ICHEZ), 0|= T}Ho|ZatQlo] Xl 7|8 =Xo| ME
g8 U XA 282 430IH, 2 F(E)ZUO| AR Eetn FHOHA| @
g5 U 7=
M ol/m /e 4 / 4000 / 2000 m=3
+8& 0.525 HUT 0.2-05
R (AHE Z|CH) 1.0054 < 1.1
s =g R < 1.1




MIY QM YN FELHE MEBLX-05 DAL E 7tR2AIQF HO|.u+A BE|E BE)S ME L2 K
= 87§ £7| JHM Ol A Rastrigin S8 & XA 0, Ot X|YE[2)E YA ERUCE best-of-K = 0.0, B
= = 03731, EEHX} = 0.5149, worst = 0.995 (A|ZHE best: [0.0, 0.0, 0.995, 0.0, 0.0, 0.0, 0.995, 0.995]).
00| Ol MEE= AL A[EHO| X|HE[A0 ZelS E0FH, best-of-K A{EHO| THUAA|ZF GA HH Q| X| A Z|
N 9I¥e ke AFwC

K2| AlZ &4 o

K (RHAIZE =) 8

best-of-K =X gf 0.0

Hd + 2T EA 0.3731 + 0.5149

worst A|&F =& gt 0.995

Z|& AlZF index 0

(c) AXt+&: #F X5 vs O| B X

=8 HZESHMMS) AB(sin x 2| 2A =24 S AR, Z4XF hel0.2, 0.1, 0.05)2 &= +=&EHXt= [1.999,
2.0] (BT 1.999)Z O| 2K}t 29F YX|stC} §3.3 7 13 F4 O AKXt AT (Crank—Nicolson,
1/20-1/40-1/80 Richardson)= £2& H|s| 07| A= &=SICh CHOF O G7} T 742 AZbat ShAk

X0t (u, = u ., ux0) = sin(mx), B8l eA(- 7°t)-sin()0|H D™ X Z2 M1 2 =20 =0y ol
2 Yoz WX =t — O[AtztE ABS rf Z0|X| ZYHE HBst= A0l ofL|Ct

22 0|2 At 25 K=

SAUAE (MMS, & B2 2 1.999 (THAIE [1.999, 2.0])

2% PDE (Crank-Nicolson) — 2 (MZh §33/F4 0| 21

§3.3/ F4 &=
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Aststg TICHste X HEZ A5 0, 28 & ¢ A (decouple/amplify/contract/ 2 & F A HAMSHE H
=
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= o = =
831 5| CHl 71X HEQ| M EBHES MSSH0 HT 012 E ZHLL

A 2k fE ot | TTHEE | TTYSE (TTH0 |CcPd3 | CcP Ol | REd3 | =AUS
2tojg | OJE 2 2kt 2kt

theta(co | 13x4 52 68 0.77x 0.00e+0 | 2 7.48e-02 | 1.805 233

ef.field) 0

Gamma( | 13x13x3 | 507 341 1.49x 0.00e+0 | 2 1.14e-01 | 3.490 111

couplin 0

9)

Phi(joint | 13x4x3 156 71 2.20x 0.00e+0 | 2 2.38e-01 | 1.805 233

) 0

TT Zol= DX 28 HAM0A 2= & 4 i T2t0|HE Y=0tH, S Frobenius A= 23 S =

£ LIEtHCH fad3d s RE-0 £0(Zto AEZLIZ FolZ|0f 59 ZEH0| S5 Z7tstCt

Ag x5 Aike| JM-El5t A

EilA] o4 =d% By Mel/EW [ dxA+ [ dREH3I [dYS

theta(coef. | decouple 0.800 IMPROVED | XHEH -95.7% -44.6% +300.0%

field)

theta(coef. | amplify 0.400 NEUTRAL XH EH -27.6% +11.7% +0.0%

field)

theta(coef. | contract 0.200 DEGRADED | =& +267.5% -29.5% +0.0%

field)

theta(coef. | partial_tt 0.800 IMPROVED | Af{EH -42.9% -28.6% +100.0%

field)

theta(coef. | full_tt 0.400 NEUTRAL KN EH +0.0% -0.0% +0.0%

field)

Gamma(co | decouple 0.800 IMPROVED | AHE4 -99.1% -71.3% +1075.9%

upling)

Gamma(co | amplify 0.400 NEUTRAL Xif =4 -38.2% +25.9% -33.5%

upling)

Gamma(co | contract 0.200 DEGRADED | St +298.9% -52.6% +0.0%

upling)

Gamma(co | partial_tt 0.800 IMPROVED | AHEH -81.9% -65.3% +520.0%

upling)

Gamma(co | full_tt 0.800 IMPROVED | AHE4 -46.7% -3.1% +8.3%




upling)

Phi(joint) decouple 0.600 IMPROVED | Aff &4 -95.7% -44.6% +255.0%
Phi(joint) amplify 0.200 DEGRADED | E +385.7% +14.8% -36.0%
Phi(joint) contract 0.200 DEGRADED | EtH +267.4% -29.4% +0.0%
Phi(joint) partial_tt 0.800 IMPROVED | Af{EH -43.0% -28.6% +91.9%
Phi(joint) full_tt 0.600 IMPROVED | AHEH -0.0% -0.0% +0.0%

A it B X2 'decouple' (=8 < 0.800, 'S IMPROVED)O|H, 7§ 0] ZHQIZ|0f T3}t HIME i

HSHRALY.

PINN A8l (trivial solution) 2X| 7} =

Lagrangian-dual(KKT) X2k} A==5fi(trivial solution) &X| 7t=(E3 24 LA ZL + MAIZHE X &3t 2
2 HEMZALPINN)S, M & Pl-Loss T U dual Sl MU E(GENERIC) Het 52 ZL0 A

= H|WSHACHX[O H Bl 815) [1].

HY xHE &4 dsl MAIE EHE =4

pi_loss_only 0.44662 0 0.004447

generic_only 0.45593 1 0.0002487

hybrid 0.45593 1 0.0002487

olziet WEHEY SHHE == A0l M PINN SH5 Of|&h: HAE 40 Of F, Z[C] THA|Z 12, HH| 24|

40~80 Ol &, && B 256, 24 71X 1-32-32-1, & E 0.01, A|E 20260708. H{Y O £h2 M| HEHO|

2oLt AR =7 AT HEO| o 'Ea—*OI AH[RUCH — &4 H[WE O] HITHE S el §0{0f otet. =

A2 =2 440t 452z oS =X oz AA AARUCE — WetM O] Hli= SA[E oLt s

o dHd HYOIX| x| H=tzol 2 m OfL|Ct

hybrid H¥ CHH| &= &4 H|&: pi_loss_only/hybrid=0.98x, generic only/hybrid=1.00x.
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